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1. INTR~DucTI~N 
Many of the known finite simple groups have the property that they possess 
a simple maximal subgroup which yields a permutation representation of 
relatively small rank having a multiply transitive constituent. The main 
purpose of this paper is to study groups with this property in which the rank 
is three. The methods used in many places are similar to those of Higman [3] 
and [4]. 
Most of the results obtained are of a negative nature: a transitive extension 
of .%’ with subdegrees d, , d1 , ds (of type d,, , dl , d,) does not exist. However, 
it will be shown that PSL(3,4) can be represented as an extension of PSL(2,9) 
of type 1, 10,45. (This result was also obtained independently by A. Rudvalis, 
in work which is yet to appear.) Of great importance will be a theorem of 
Manning [7] which says that a group of the type being considered must be of 
type 1, d, [d(d - 1)/t], where 8 is an integer less than d - 1. 
In Section 2, a number of general results will be given. Some of these 
will not be used here, but appear to have some value in larger-rank cases. 
Statements of results needed from the literature are also given here. In Section 
3, rank 3 extensions of certain doubly transitive groups are investigated. 
Throughout 3 will denote a transitive permutation group acting on a set 
D = (l,..., n}. If 01 E 52, &@ will denote an abstract group isomorphic to c??= , 
so that 3 may be regarded as a transitive extension of #. With respect to 
ga, D splits into orbits Q(Y) = {OL), d,(a),..., d,-,(a), where Y is the rank 
of 9. If j? E 9, there is an X E c!? such that CF = j3. Define d,@?) to be d,(a)“. 
This turns out to be an orbit of g8, and is independent of the particular 
element X chosen. This yields a function d, mapping IR into the power set 
of Q, such that Ai is an orbit of gU, and Ai = &(w)~ for w E 52 and 
X E 29. Let d, = 1 iii 1 = 1 Ai . 
Let ai be a fixed element of d,(a), (so that 6, = a) and let 
h;j = 1 d&J n d,(ci)I . 
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This definition is easily seen to be independent of the choice of 8, E A,(a). 
The numbers 4: are called the intersection numbers of the permutation 
group 9. 
For each suborbital Ai let Di = (d$ be the n x n matrix defined by: 
d;fk = ; 
1 
if j E 4(k) if 
j # 44, 
Di is called the incidence matrix for A, . (See Higman [4] page 27.) 
Finally, let a mapping i+ i’ of {O,..., Y - 1) onto itself be defined by 
setting Ai, = Ai(o the orbit of 9a paired with A,(a). Then 
( A,* 1 = ( Ai ( = di , A,, is a suborbital of 9, and (i’)’ = i. (See Wielandt [13], 
Section 16.) 
2. GENERAL RESULTS 
2.1. LEMMA (Higman [4]). Properties of the h$ . 
(a) Cz:i Xfj = dj . 
(b) Cir,’ A$ = di . 
(c) gj = A$. 
(d) htj = Sjk; A:0 = Sa,k; h$ = d& , where 6,, is the Kronecker delta. 
(e) A: dk = hfi’ dj = h:lk* di . 
2.2. LEMMA (Wielandt [13], Section 28). Properties of the matrices D, . 
(a) Each YOW and column of Di has exactly dd OWS. 
(b) CiSi Di = F, the n x n matrix, all of whose entries are ones. 
(c) tDi = Dir . 
(d) The matrices Di , i = O,..., r - 1, form a basis for the algebra of matrices 
which commute with the permutation matrices associated with the elements of g. 
(This algebra is called the commuting algebra of 9.) 
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Proof. (a) (This is a generalization of Lemma 5 of [3].) Count the pairs 
@, r) E Q x Q such that ,9 E di(r) n dj(a), f or 01 fixed in Q. For each of 
dK y’s in Ok(~) there are hZ p’s in &(y) n Ai( so summing on k gives 
CL:: Xzdk pairs. On the other hand, for each of dj 4’s in d,(a) there are di y’s 
in d&?), so that /? E J&(Y) n d,(a). Hence, there are d,di pairs, so 
c;:; X&d, = d,di . 
(b) (This is a generalization of a result in Section 28 of [13].) The (u, V) 
entry of tDiDj is C”’ tS,, di,,diV . d&d;, = 1 if, and only if, t E Ai n d,(w), 
and if u E dk(w), there are X:, such t’s. Also d,“, # 0 if, and only if, m = k, 
SO the (u, V) entry of tDiDj is A&d,& , and hence ‘DiD3 = CiLt XFjDk . 
(c) This follows from 2.3(b) and 2.2(d) and application of the associative 
law to the product DitDj*Dk . 
2.4. COROLLARY. If the D~)s commute, then At” = Attie . 
proof. c:r: XfjDk = Di.Dj = D,Dg = CL3 hfrjtD, . The result now 
follows from 2.2(d). 
2.5. THEOREM. If the commuting algebra of 9 is not commutative, then 
some orbit is not self-paired. 
Proof. Assume D,Dp # DjDi . Then for some k, 
by 2.3(b) and 2.1(c). Hence, one of Ai , Aj , and A, is not self-paired. 
2.4. LEMMA. Let $9 be any finite group. &’ < 59, X E 8. If X has c 
‘3 conjugates in 9, d of which are in A?‘, ;fS’ has n distinct conjugates in 3, and 
if X is contained in f conjugates of .%?, then nd = fc. 
Proof. Count the pairs (Hi , X,), where Zi is conjugate to .%? and Xj is 
in &$ and conjugate in 3 to X. For each of n possibilities for Si, there are d 
for Xj , yielding nd pairs. On the other hand, for each of c possibilities for Xj , 
there are f for ..?& , yielding fc pairs. 
In terms of permutations, where 9 is assumed primitive, f is the number 
of points fixed by X and n the degree of the representation. In general, d is a 
sum of orders of conjugacy classes of #, but in many cases it turns out to 
be the order of one class. A similar result holds if the element X is replaced by 
a subgroup 3”. 
2.7. COROLLARY. Let 3 be a finite group, A?‘< 9, and X < 9. If 3E has c 
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conjugates in 9, d of which are contained in 2, if #has n distinct conjugates in ‘3, 
and ifX is contained in f conjugates of e then nd = fc. 
Proof. The proof is identical to that of 3.6. 
3. RANK 3 GROUPS 
Throughout this section, 9 will denote a rank 3 group of the sort described 
in Section 1. The groups .%’ and cY@ referred to there will be identified, to 
ease the notation. The hypotheses given in Section 1 permit the use of two 
theorems from the literature. These will be very important. The first is a 
theorem of Manning [7] which, in a slightly strengthened form, is stated 
below as 3.1. The second is a theorem of Higman [3] which is given as 3.2. 
3.1. THEOREM (Manning [7], p. 330). Let B be primitive but not doubly 
transitive on Q, let a E Sz, and let 3= be doubly transitive on omz of its orbits, 
say d,(a), where 4 > z. Then 3# has an orbit AS(a) such that: 
(i) da = [d,(d, - l)]/t.for some integer G < d - 1. 
(ii) Air = d - 1, A& = 1, and Xi, = 0 fm i # 0,2. 
(iii) If 6, , 6,’ E d,(a), then there is a 6, E d,(a) such that SJ~s,s,* < FJNorq . 
3.2. THEOREM (Higman [3], page 150). Let ‘3 be a permutation group of 
type 1, dI , dz and degree n. If 1 3 1 is even, then either 
(I) dI = d, , OY 
(II) m = (A:, - A&)* + 4(d, - A:,) is a spare, and 
(i) ;f n is even, z/;;E divides 2dI + (A:, - AE) (dI + d,) and 2 6 does 
not, while 
(ii) if n is odd, 2d, + (Ai1 - A:) (dI + d,) is divisible @ 2 6. 
(iii) The degrees of the irreducible components of the permutation representa- 
tion of G are 1 and 
In the situation being considered, 8 < d - 1 implies dI # d, so caSe I 
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does not apply. From the information in 3.1 and 2.1, all the AFj can be com- 
puted. Their values are given as follows: 
/lO 0 0 1 0 
1 0 d-l 
- - o d Cd 1) Cd 8) _ 1 
e 
1 
(Xfj) = O e d-r! . 
1 d--e d2-d-8-dde+P 
e 
Now the results of 3.2 can be restated: 
(II) m = 4d + e(k’ - 4) is a square, and 
(i) if n is even, d/m divides d(3 - e - d) and 2 fi does not, while 
(ii) if R is odd, 2 Z/m divides d(3 - e - d). 
(iii) The degrees of the irreducible components of the permutation 
representation of B are 1 and 
d(3 - G - d) f (n - 1) fi 
&21/G * 
In what follows, the possibility of an extension B of type 1, d, d(d -1)/2, 
will be investigated for various simple groups Z? admitting a doubly tran- 
sitive permutation representation of degree d. For many of these-PSL(2,q) 
for q >, 11 and A, for n > 5, for example--d = 1 and G = 2 are the only 
values of G less than d - 1 for which Z has a subgroup of index d(d - 1)/t 
which contains the stabilizer of a point in the doubly transitive orbit. The 
problem has been solved completely for G = 1 by Higman ([3], page 151, 
and [5]). (For PSL(2, q), q < 11, the only possibilities for G > 2 are 8 = 3,4, 
and 6 for q = 5, 7, and 9, respectively. None of these yield extensions, 
however, since the numbers m from 3.2 are not squares.) 
3.3. COROLLARY. If 9 is a primitive permutation group of type 1, d, 
[d(d - 1)/2] such that %?a is doubly transitive on A,(E), then: 
(i) d - 1 is a square and n is even. 
(ii) d &-? = 2 (mod 4). 
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Proof. By 3.2, m = 4(d - 1) is a square, so d - 1 is also. Therefore, 
d = 1 or 2 (mod 4), so n = (d2 + d + 2)/2 is even. Now 3.2 gives 2 dm 
divides d(d - 1) and 4 l/d - 1 does not, which yields (ii). 
3.4. LEMMA. If B is a primitive extension of &’ of type 1, d, [d(d - 1)/2], 
d > x, with S? doubly transitive on A,(a), then: 
(a) the action ofZ on A,( ) 01 is isomorphic to that of 8 on the set of unordered 
pairs of elements of A,(a). 
(b) IfX~SJixesfp . t ozns and has t two-cycles in its action on A,(a), then 
it Jixes (f 2 + f + 2t + 2)/2 points in 9. 
(c) If two involutions in S are conjugate in 9, they must Jix the same 
number of points in A,(a). 
Proof. (a) Since Z is doubly transitive on A,(a), if 6, , 6,’ E A,(a) then 
) GF : A&, j = d(d - 1). Hence, by 3.1, there is a a2 was such that 
1 A$, : %&s,, 1 = 2. Now x8, must move at least one of 6, and &‘--say 8, . 
Then 
so the .?&* orbit of 8, is (8, ,a;} for some S; . Since xas < 9’, S; E A,(a). 
But now (8, , S;} is fixed by s8, , so since 1 qsl,s;l 1 must equal 1 &as 1 , 
J%&~;~ = %a2 . But % acts transitively on A,(a) and the set of unordered 
pairs of elements of A,(a), and the stabilizers of a point in each of the above 
sets are equal (up to conjugacy), so the representations are permutation 
isomorphic. 
(b) Consider d,(a) as the set of unordered pairs of elements of Ai(o~). 
Then the hypotheses imply X fixes oL, f points in A,(a), and [f (f - 1)/2] + t 
points of As(a), yielding the desired total. 
(c) If X is an involution, t = (d -f )/2, so X fixes (d + f 2 + 2)/2 points 
in Q If two elements of 59 are conjugate in 99, they must tix the same number 
of elements of Q, and f is determined by this number and d. 
3.5. THEOREM. PSL(2, Q) has an extension of type 1, q + 1, (q2 + q)/2, 
for q = 4 and q = 9 and no other values of q. The extension is unique in each 
case. For q = 4, the extension is split, having a normal elementary abelian sub- 
group of order 16. For q = 9, it is isomorphic to PSL(3,4). 
Proof. Let Q be such an extension of PSL(2, q) = x. Then the degree n 
of 3 is n = (q2 + 3q + 4)/2. By 3.3, q is a square and is congruent to either 
1 or 4 (mod 8). If q is even, this implies q = 4. If q is odd, an involution in 
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# would have (q2 + 4)/2 conjugates in Z and would fix 2 points of d,(a). 
Hence, it would fix (4 + 7)/2 points of Q, and by 2.6 it would have 
[ 1 qf7 
= + [q3 - 3q2 + 28q - 192 + ““1 
!7+7 
2 
conjugates in 9. Since the right side must be an integer, q + 7 must divide 
1344. Since q is an even power of a prime, this implies q = 9, 25, or 49. 
The possibility of q = 49 can be eliminated by considering possible num- 
bers of Sylow 29 subgroups, and then noting that the centralizer of one such 
in .% must be trivial (this follows from 2.6). 
The case q = 25 is also impossible, as the following argument shows. 
Suppose 9 were an extension of &‘= PSL(2,25) of type 1,26,325. Then.%’ 
would contain a dihedral subgroup b 
B=(X,T:X12=T2=1,TXT=X-l) 
of order 24 which would fix 2 points of 9. By 2.7, ( N&D)1 = 48. Let 
92 = N&D), let ID, be a Sylow 2 subgroup of %, and let 3, = ID1 n LD. 
Next note that if i +rk 0 (mod 6), then Xi fixes exactly 4 points of J2, and 
since CAX) = C,(Xi) for such i, by 2.6, C,(X) = C,(Xi). 
Now since 3, fixes 2 points of Q and 3, is self-normalizing in qj, by 2.7, 
9, = iv&,). Now if d is the center of a Sylow 2 subgroup of G containing 
ID, , certainly ZF+ < 3, . Also since X6 fixes 16 points of Q, by 2.6 it has 
7150 conjugates in %‘, so Xs 4 %“. Hence, 3 n ID, = 1; a, = a, x 3. Let 
J = {Z). Then d E C,(Xs) = C,(X), so 2 E Cs((X, T)) = C,(B). 
Thus, 92 = D x S. 
Now % contains two cyclic subgroups of order 12: (X) and (X.8’). These 
intersect in a subgroup (Xs) of order 6. If these two groups fused in 9, the 
fusion could be done in the centralizer of Xa which, by the preceding, is 
C(X )---a contradiction. Similarly (X2) does not fuse with other cyclic sub- 
groups of % of order 6, since all these intersect in (X4). Also, since 
X3 fixes 4 points of Q, 1 C,(Xs)I = 48, and since 1 C,(xS)I = 24, 
1 Cg(Xa) : C&X3)1 = 2. Hence, if YE C&F), Ya E 92. 
If Y is an element of B such that Ys = Xs, then Y E C&X3) so Y2 E 3. 
Since clearly Y3 E ‘il& Y E 92, so Y = X or X6. Therefore x8 is contained in 
exactly one cyclic subgroup of Q of order 12. Now if X3 and x92 were 
conjugate in 9, so would be the cyclic subgroups (X) and (XZ> which 
contain them. This has been seen to be false. Hence they are not conjugate, 
so Xs has only two conjugates in s. 
Now let or and rr, be the permutation characters of 3 on .% and % respec- 
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tively. The values of rr, on 9 classes intersecting .% are determined by the 
known action of Xon 9, and =r is zero on all other classes. Using 2.6, the 
sizes of the 9 classes intersecting 9 may be determined. (A possibility of 
fusion exists in classes of elements of orders 5, 12, and 13, but it would not 
affect the argument.) These are given in Table I. From these, the values of 7~s 
on all classes intersecting Xexcept ($2 can be computed from 2.6. These are 
also given in Table I. 
TABLE I 
1 Cl 352 57200 
7150 E2 16 1 
57200 63 4 2 
57200 E4 4 2 
57200 cS6 4 2 
57200 El2 4 2 
57200 a12 4 2 
54712 c5 2 0 
54712 cs5’ 2 0 
201200 a13 1 0 
. . . . . . . . . . . . . . . 
201200 cc13”’ 1 0 
Here the i in Ci indicates the order of elements of 6i and the left-hand 
column contains the orders of the classes. Now (We , ~a) = 8 + (J’ + 4)/24 
which must be an integer, so 
CT’ e 4 (mod 8). 
By 2.6, ‘% contains e/8 elements of 62, so c?’ is congruent to 0 (mod 8)-a 
contradiction, Hence, no extension exists. 
Therefore, the only possible extensions are for q = 4 and q = 9. The 
extension of PSL(2,4) of type 1, 5, 10 was obtained by Tsuxuku [12]. The 
uniqueness follows from the fact that a Sylow 2 subgroup of a sitnple group 
of order 2%, m = 3 (mod 4) cannot be maximal. (This follows from 18.7 of 
[13], since if the Sylow 2 group were maximal, the permutation representation 
on it would be primitive and have a subdegree 2, since m would be the sum 
of the subdegrees.) Hence, an extension could not be simple, so it would 
contain a regular minimal normal subgroup (since B is primitive and cV~ is 
simple). This would force the structure given in [12]. 
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For q = 9, let A, B, C, D, and Y be the images in PSL(3,4) of the matrices 
1 ww 
i 1 
w 0 w , respectively, 
cr,wcl, 
where GF(4) = (0, 1, w, G}. Then A, B, C and D satisfy the relations 
A3 = B3 = C4 = D2 = 1, AB = BA, AC = CB, BC = CA2, DCD = C3, 
DAD = A2DA2. From these it follows that (A, B, C, D) is a doubly tran- 
sitive group of degree 10 and order 360, having (A; B, C) as the stabilizer of 
a point. Such a group must be PSL(2,9). Thus, Z= (A, B, C, D) is a 
subgroup of PSL(3,4) isomorphic to PSL(2,9). The values of the permuta- 
tion character or of 9 on Scan be computed using 2.6 and the structure of 
PSL(3,4) given in [lo], Section 8. Its values on classes intersecting #are 
given in Table II below. (It is zero on all other classes.) From this information, 
TABLE II 
1 Cl 56 
315 a2 8 
2240 a3 2 
1260 c4 4 
4032 a5 1 
4032 0’ 1 
(trl , ~~1) is seen to be 3, so 3 is a rank 3 extension of X: From the degrees of 
the irreducible Characters of PSL(3,4) g iven in [lo], Section 8, it follows that 
?I~ is the sum of characters of degrees 1, 20, and 35, so 3 is primitive. Now 
Y2 = C2, so as Y # C or Ca, Y $ .Z However, Y normalizes <A, B, C) 
which is maximal and of index 10 in e so .%’ n sy = (A, B, C) and one 
of the subdegrees is 10. The other then must be 45, so 3 has the right form. 
For the uniqueness, it &ices to show that an extension of PSL(5 9) of 
type 1, lo,45 must be a CIT-group (see [lo], Theorem 5, p. 468). Let 9 
be an extension of #’ = PSL(2,9) of type 1, lo,45 which is not a CIT- 
group, and let ?r, be the permutation character of 3 on X. The proof will be 
in several parts. 
(a) There is no fusion of elements of order 3. 
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Proof. Since Sylow 3 subgroups of J? intersect trivially and two conju- 
gates of # either contain a common Sylow 3 subgroup of B or intersect in a 
group of order prime to 3, Sylow 3 subgroups of B intersect trivially. A 
Sylow 3 subgroup G of 9 contained in Z fixes 2 points of Q and 
1 N%(G) : G I= 4, so by 3.6, ] N,(6) : 6 1 = 8. Hence, the two classes of %’ 
of elements of order 3 fuse if, and only if N(G)/6 acts fixed-point-free on 
&-that is, if and only if no element of order 3 is centralized by an involution. 
The sizes of the 3 classes intersecting &’ are given in Table II (except for 
those of elements of order 3, which may fall into two classes of 1120 elements 
each). From this information, it follows that the centralizer in Z& of a Sylow 7 
subgroup of 9 is trivial. Hence, the number of Sylow 7 subgroups is a multi- 
ple of 60, and by Sylow’s theorem, it must be 120 or 960, with a Sylow 7 
normalizer having order 168 or 21, respectively. 
If there are 960 Sylow 7 subgroups, no element of order 7 would be 
centralized by an involution. From 3.6 and the fact that an element of 
order 5 fixes 1 element of 0 it follows that the same holds for a Sylow 5 sub- 
group, Hence, as 9 is not a CIT-group, an element of order 3 must be 
centralized by an involution. 
If there are 120 Sylow 7 subgroups, a Sylow 7 centralizer would have order 
28 or 56. If its order were 28, the group of automorphisms induced on a 
Sylow 7 subgroup would be cyclic of order 6, which implies that an element of 
order 3 is centralized by an involution. If the order of a Sylow 7 centralizer 
is 56, its Sylow 2 subgroup is normalized by an element of order 3. This 
element cannot act fixed-point-free, so again it is centralized by an involution. 
Hence, in each case an element of order 3 is centralized by an involution, 
which implies no fusion takes place. 
(b) A Sylow 3 normalizer has an abelian Sylow subgroup; a Sylow 3 
centralizer has order 18. 
Proof. From a, a Sylow 3 normalizer has order 72, and it must contain a 
cyclic group of order 4 which acts fixed-point-free on a Sylow 3 subgroup. 
The only subgroups of GL((2, 3) of order 8 which satisfy this condition are 
those which themselves act fixed-point-free. However, since there is no 
fusion of elements of order 3, an involution must centralize a Sylow 3 sub- 
group. Hence, the Sylow 2 subgroups of a Sylow 3 normalizer must contain 
a normal subgroup of order 2 which has a cyclic factor group. Hence, it 
must be abelian. 
(c) B must have 120 Sylow 7 subgroups. 
Proof. Suppose not-then there would be 960 Sylow 7 subgroups, as 
noted earlier. From a and b, Q has 2 classes of elements of order 3, containing 
1120 elements each, and two classes of elements of order 6, each containing 
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1120 elements. A Sylow 7 normalizer has order 21 and is nonabelian, since 
centralizer of an element of order 3 has order 18. Therefore, g has two classes 
of elements of order 7, containing 2880 elements each. This information, 
along with the information which carries over from Table II, is given in 
Table III below. 
TABLE III 
1 
315 
1120 
1120 
1260 
4032 
4032 
1120 
1120 
2880 
2880 
56 1 20 35 
8 1 4 3 
2 1 2 -1 
2 1 2 -1 
4 1 0 3 
1 1 0 0 
1 1 0 0 
0 1 0 -1 
0 1 0 -1 
0 1 -1 0 
0 1 -1 0 
Here the xi are irreducible characters of B. Their degrees are found using 
3.2. Their values on the classes intersecting 2 can be computed by consider- 
ing the restriction of r1 to %, and using the fact that each xi IX contains the 
principal character of &’ exactly once. Since x3 has defect 0 for p = 7, it 
must be 0 on 67 and (X7’, so xs must be - 1 on these classes. Since 
(xs , x.J = 1, ~a must be 0 on all remaining classes. This gives the remaining 
information in the table. 
Since 1 9 1 = 20160,280 elements are unaccounted for, and these include a 
class CD of involutions in Sylow 3 centralizers. Any other class would have to 
consist of elements whose centralizers are 2-groups, so they would contain 
at least 315 elements, which is impossible. Hence, (t2’ contains 280 elements. 
Now let % be a Sylow 3 normalizer, and let ~a be the permutation character 
of B on 92. Since the structure of % is known from b, the values of 7s on all 
classes except Q;2 and CZ’ can be computed. These are given in Table IV 
below. 
Now since na is a permutation character, (us , x1) = 1, so 98 + 8m = 152. 
Also (CT~ , xs) is an integer, so L’s 8 (mod 16). Hence, I = 8 and m = 10. 
But now (~a, ?~s) = 10.5, which is impossible. Hence, 9 must have 120 
Sylow 7 subgroups. 
(d) A Sylow 7 centralizer has order 28. 
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TABLE IV 
1 Cl 1 20 35 280 
315 K2 1 4 3 G 
280 a2 1 0 -1 m 
1120 a3 1 2 -1 1 
1120 C.3’ 1 2 -1 1 
1260 K4 1 0 3 8 
4032 a5 1 0 0 0 
4032 f-x5’ 1 0 0 0 
1120 K6 1 0 -1 1 
1120 K6 1 0 -1 1 
2880 a7 1 -1 0 0 
2880 (r7 1 -1 0 0 
Proof. Assume not; then, as in a, its order is 56. Let 92 be a Sylow 7 
normalizer and G a Sylow 2 subgroup of R Since by hypothesis 6 is con- 
tained in a Sylow 7 centralizer, G Q 92. Now B is also normal in a group 
of order 16, so IV&G) contains K Sylow 7 subgroups, where K > 1, k = 1 
(mod 7), K E$ 0 (mod 5), and R 1 120. Hence, k = 8. 
Now C,(G) contains all Sylow 7 subgroups of ‘%, but it does not contain 
any elements of order 3, since the centralizer of such an element has order 18. 
Hence, if 6 = W(G), 1 Q; I = 448, and 1 G/G 1 = 56. Also (I/S has 8 
Sylow 7 subgroups, so it is a Frobenius group and has a normal Sylow 2 
subgroup. Since I 6 1 = 8, tX has a normal subgroup of order 64. 
Now let 1~s be the permutation character of B on (t. Then if TT~ takes the 
values 4 and m on 62 and 64 respectively, its values on 9 classes intersecting 
&’ are given in Table V below. 
TABLE V 
=1 *a 
1 61 56 45 
315 a2 8 G 
1120 a3 2 0 
1120 (L3’ 2 0 
1260 &4 4 m 
4032 cc5 1 0 
4032 &5 1 0 
Now from order considerations, G%’ = 9, so 
(?~~,~a)=*(l +/+2m)=l. (“1 
518 MONTAGUE 
However Cs. contains 7L elements of QZ2 and 28m elements of 64, so as 62 and 
K4 do not intersect 6, 
7e + 28m < 56. t**> 
Now (*) and (**) together imply 111 = 0 and / = 7. This is impossible, 
since an element of order 4 cannot act fixed-point-free on a set of 45 elements. 
Hence, a Sylow 7 centralizer has order 28. 
(e) Final step. 
Assume now 3 has 120 Sylow 7 subgroups, and a Sylow 7 centralizer has 
order 28. Let ?LJI be a Sylow 7 centralizer and % a Sylow 7 normalizer con- 
taining %I& Then %/‘Xr is cyclic of order 6, so it has a normal 3-complement, 
and since 1 y%JI 1 is prime to 3, !JJ has a normal 3-complement. This comple- 
ment must have seven Sylow 2 subgroups, since by hypothesis a Sylow 2 
subgroup 6 of % is not contained in 9JI. Hence, 6 must be normalized by an 
element of order 3. By b, this element can fix only one nonidentity element of 
6 and it must also normalize E n ‘!IJI, so Cs. must be elementary abelian. 
On the other hand, 6 must contain an involution in a Sylow 3 centralizer. 
Let X be this element, and let 62’ be the conjugacy class of X. Since each 
Sylow 3 centralizer contains exactly one involution, 1 K2’ 1 = (280/r) where Y 
is the number of Sylow 3 centralizers containing X. Since Y is also the number 
of Sylow 3 subgroups in C,(X), and since distinct Sylow 3 subgroups of 9 
intersect trivially, Y z 1 (mod 9). But now Y 1 280, Y E 1 (mod 9), and Y $ 0 
(mod 5). Therefore, Y is 1 or 28. If r = 28, 9 would have a permutation 
representation of degree 10. This is impossible by 13.8 and 13.11 of [13]. 
Hence, r = 1. 
But now X is centralized in % by an elementary abelian group of order 8, 
and in a Sylow 3 normalizer by an abelian group of type (4, 2). Since 
1 C(X)1 = 72, one of these must be false. This completes the proof. 
3.6. COROLLARY. PSL(3,4) is an example of a primitive rank 3 permuta- 
tion group 99 of even order in which one gu - %a double coset contains no 
involution. 
This fact was pointed out to the author by M. Suzuki. It answers a 
question raised by D. G. Higman in [3], p. 148. 
Proof. Let A, B, C, D, and Y be the elements of PSL(3,4) referred to 
in 3.5. If J were an involution in xY&‘, then J = H,YH, , Hi E &‘. Then 
1 = J” = H,YH,H,YH, = YH,H,YH,H, = (YH)2 
so the involution could be taken from Y.V. Also, 
Y-lHY = Y2YHY = Y2H-l E H n HY = (A, B, C). 
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Therefore, H E (A, B, C) Y-I = (A, B, C), and the involution YH is in a 
Sylow 3 normalizer of 9. But 9 is a CIT-group, so YH must invert all 
elements of a Sylow 3 subgroup, as does C2. Hence, C2YH is in a Sylow 3 
centralizer, which is contained in Z. Therefore, Y is also in #: a contra- 
diction. Thus %Y# contains no involution, 
3.7. COROLLARY. PGL(2,9) admits an extension of type 1, 10, 45. 
Proof. Let 01 be the automorphism of 9 = PSL(3,4) induced by the 
element Y, and let 0 be the automorphism of 9 induced by the automorphism 
M-t (“M)-l of SL(3,4). Th en 8 (II is an automorphism of B fixing the sub- 
group ,Z generated by A, B, C, and D. Now (s, 0~) 5/ PGL(2,9) and 
(9,801) is an extension of (z?, 0,) of the right form. 
It can be shown that extensions of PGL(2, Q) of type 1, 4 + 1, ($ + p)/2 
can exist only for Q = 4 and 4 = 9: the proof is the same sort as 
that in 3.5, except that the exceptional cases can be avoided. Since 
PSL(2,4) = PGL(2,4), t ex ensions exist in both cases. Also, the extension of 
PGL(2,9) can be shown to be unique: the character table of any such exten- 
sion can be computed and found to contain two characters of deg 1. Hence, the 
extension must contain a subgroup of index 2, which by 3.5 must be isomor- 
phic to PSL(3,4). Th e uniqueness now follows from results of Steinberg 
(PI, P. 608). 
Since PSL(n, 4) has a doubly transitive representation of degree 
d=l +q+q2+... + qn-l, the possibility of an extension of type 1, 
d, (d2 - d)/2 exists. For this to occur, d - 1 = a(1 + Q + *.. + qnV2) 
would be a square. This would imply that q and 1 + 4 + .*a + qne2 are 
both squares. It seems very likely that these conditions are incompatible. A 
computer check for 4 < 12,000 and 1 + 4 + ... + qnp2 < IO9 yielded only 
two pairs (Q, a) with a > 3 satisfying the second condition: (3, 6) and (7, 5), 
both of which fail to satisfy the first condition. In any case, if such a pair 
(q, n) is to exist, Q must be odd [from 3.3(ii)] and n must be congruent to 1 
or 2, modulo 8. 
3.8. THEOREM. PSU(3, p) h as no doubly transitive extension of type 
1, !I3 + 1, [(q3 + 1>!77/2. 
Proof. Suppose such an extension existed. By 3.3, q would be a square 
and odd, as (@ + 1) q would be divisible by 8 if p were even. For the 
remainder of the proof, the structure of PSU(3,q) given in [9] will be used 
often. 
Let Z = PSU(3, q), let 2, be a Sylow P subgroup of .%‘, where p is a power 
of p, and let W = N,(a). Then ‘% = KD, where Z- n 3 = 1 and x is 
cyclic of order 4s - l-say %- = (X). Let )1Jz be the subgroup of x of 
481/14/4-7 
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order q + 1, and let 3 = IVti(.%?), so that 1 ‘D : Z j = 2. Then there is an 
involution T such that 3 = (,X, T). 
Since q is an odd square, q - 1 = 0 (mod 4), so ‘%I contains no element of 
order 4. Also I# : !D 1 = [q3(q + 1) (42 - q + 1)]/2 which is odd, so 9 
contains a Sylow 2 subgroup of z?. Since C,(!JJI)/‘%I NPGL(~, q) and X” 
corresponds to an involution of determinant 1, where e = (q2 - 1)/4, it 
follows that X” is conjugate in C,(%R) to an element of a - Z of order 4. 
But all such elements are conjugate, for if Y E ID - ,;Y-, then Y = XtT for 
some t. Now Y has order 4 if, and only if, 
Also X-‘(XtT) X = X-‘Q+~‘(X~ T), so all elements of 3 - .% of order 4 
are conjugate under 9. 
Now elements of !UI fix q + 1 points in A, where 1 A 1 = q3 + 1, and ele- 
ments of .% - 9Jl fix two points of A. Y = X* fixes two points and has 
(q - 1)/2 two-cycles in its action on A. Hence, it fixes (q + 7)/2 points of Q. 
Since it has $ + qs conjugates in s and 1 9 : &’ 1 = (q6 + 3q3 + 4)/2, Y 
has 
($ + 43) (!I6 + 3q3 + 4) 
qf7 
conjugates in 3. For this to be an integer, 
q + 7 must divide 13,680,694,944. (*) 
Next, let J = XaL, so _I2 = 1. Since 2 has only one class of involutions, J 
has q* - qs + q2 g conjugates in Z. J fixes q + 1 points in A, so it fixes 
(qs + q2 + 2q + 4)/2 points of 52. Therefore, J has 
($ - !I3 + !?“I ($ + 34s + 4) 
q3 + p + 29 + 4 
conjugates in B. This implies that 
q3 + q2 + 2q + 4 divides 24q2 - 8q - 16. (**I 
But the conditions (*) and (**) are not simultaneously satisfied for any 
prime power q. Hence, no extension can exist. 
3.9. THEOREM. A, has a trunsitiwe extension of type 1, n, [n(n - 1)]/2 
only for n = 5. 
ON RANK 3 GROUPS WITH A MULTIPLY TRANSITIVE CONSTITUENT 521 
Proof. By 3.4, if such an extension exists, then n - 1 must be a square. 
It is easily seen that no extension exists for n = 2, so assume n 3 5. The 
technique of 3.5 and 3.8, applied to the class containing (12) (34) yields 
1 
[ 
n(n - 1) (n - 2) (n - 3) (n” + n + 2) 
s n2 - 7n + 18 I 
is an integer. As before, this implies n = 2 or n = 5. Since A, is permutation 
isomorphic to PSL(2,4), the existence of a unique extension of A, has been 
established in 3.5. 
3.10. THEOREM. The simple groups discovered by Ree do not admit 
extensions of type 1, qs + 1, [(q9 + 1) qs]/2, where @ + 1 is the degree of the 
natural doubly transitive representation. 
Proof. q in this case is an odd power of 3, so qs is n not a square, contra- 
dicting 3.3(i). 
3.11. THRORRM. The simple groups discovered by Suzuki do not admit 
extensions of type 1, q* + 1, [(qa + 1) q2]/2, where q2 + 1 is the degree of the 
natural doubly transitive representation. 
Proof. q in this case is an odd power of 2, greater than 4, so (qa + 1) q is 
divisible by 8, contradicting 3.3(ii). 
Note. Another possible extension of the Suzuki groups would be of 
type 1, 4% + 1, (q* + 1) q. For this to exist, by 3.3(i) 5q2 - 4q + 4 would 
have to be a square. However, q = 22k--1, so 
(2q)Z + (q - 2)s = (2292 + (22k-1 - 2)2 
would be a square. Therefore, (22k-1)2 + (22k-2 - 1)2 would be a square 
also. Since 22”-r and 22k-2 - 1 are relatively prime, this implies 2ak-1 = 2st 
and 2sk-s - 1 = s2 - t2 for some integers s and t, since the number are 
part of a Pythagorean triple. However, this implies t = 1 and s = 22k-2 = 2k-1 
which in turn implies k = 1. However q > 8, so this is impossible. Hence, 
there is no extension of type 1, q2 + 1, (q2 + 1) q. 
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